The paradoxical result of the non-monotonous relationship between the critical speed of the fluid that is conveyed in the elastic pipe, and the mass ratio was reported first some four decades ago. Since then this result was reproduced in numerous books and articles. In this study the paradox is revisited. It appears that it is a numerical artifact; instead of non-monotonicity there are jumps.
Introduction
Scientists have studied the dynamics of pipes conveying fluid since 1878, when Aitken [1] conducted a series of experiments on traveling chains and elastic cords. In 1939, Bourrieres [6] published the first theoretical study and derived the governing equations of motion. Further researchers derived everything from scratch, being unaware of the existence of Bourrieres work. This was the case with Long [24] and Niordson [27] who investigated the vibration of systems under various boundary conditions; Long was the first one who was specifically interested in cantilever pipes.
In 1961 Benjamin [3] [4] was the first to comprehensively report on this phenomenon. He produced a complete theory, supported with experiments for articulated pipe systems. In his work he derived the equation for a chain of articulated pipes based on Lagrangian equations.
Later on, in 1966, Gregory & Païdoussis [17] [18] were the first ones to solve the equations of motion by the exact and the approximate methods, as well as introducing the first critical fluid velocity stability plot for cantilever beam, which is shown in Fig.1 .
Their pioneering analysis was followed by many other many scientists namely by, R. D. Blevins [5] , Chen [7] , M. P. Païdoussis & G. X. Li [31] , and M. P. Païdoussis [32] , all of them reporting non-monotonic results for the critical velocity as a function of a non-dimensional parameter β. Please refer to dotted regions 1, 2, and 3 in Fig.1 . The dotted lines do not appear in the paper by Gregory & Païdoussis (1966) ; these are introduced here to identify the regions of non-monotonic behavior.
Based on previous analyses in other fields of stability theory one of the authors was concerned with accuracy of these results. He had a feeling that Fig.1 was not totally correct, basing his comments on the following simple reasoning: "From a linear differential equation of motion one ought to expect to get results of monotonic critical flow velocities for each non-dimensional parameter β. Why should there be three critical velocities for β in vicinity of 0.3, or in vicinity of β = 0.7 or in vicinity of β = 0.9? Why should there be such paradoxical results? Is the paradox of non-monotonicity a numerical artifact?" The results of the study of this contradiction follow. 
Problem formulation
where w(x, t) is the pipe's displacement, EI is the flexural rigidity, M is the mass fluid per unit length, U is the flow velocity, m the pipe mass per unit length, x the axial coordinate, and t represents the time. We are seeking a solution in the form , we obtain
The following dimensionless parameters are also introduced:
where u is the dimensionless fluid velocity
The dimensionless governing differential equation becomes
Approximate solution via Boobnov-Galerkin method
According to Eq.(2), the approximate solution can be written as follows
a r φ r (ξ)
Based on the universal method of approximate nature developed by Boobnov (1913) and Galerkin (1915) , an approximate solution to the differential equation can be found as follows: First the Eq. (7) is rewritten in the following form
where L is the differential operator. For this particular case L reads:
However the number of coordinate functions taken into account cannot be infinite during the numerical implementation. Therefore, Eq.(7) must be replaced by
a r φ r (ξ) (r = 1, 2, ..., N )
where N denotes the number of retained terms. If expression (10) happens to satisfy not only the boundary conditions but also the differential equation (6) , it means that the exact solution has been found and the problem is solved. In overwhelming majority of cases this is not the case and the result of replacing equation (10) into (8) does not vanish identically, yielding an error denoted by ε:
According to the Boobnov-Galerkin procedure, each coordinate function should be multiplied by this error and also demand orthogonality between each function.
Beam functions as coordinate functions
Coordinate functions φ r (ξ) must be chosen upon satisfying all the boundary conditions. 
where λ r are the corresponding eigenvalues for the cantilever beam, obtainable from the following transcendental equation cos (λ r ) cosh (λ r ) = −1
A complete derivation of previous equation, as well as natural frequencies and mode shapes for a cantilever beam, is given in the Appendix, for the convenience of the reader. Based on the operator L in Eq.(9), the expression for the error in Eq (11) reads: 
Specifying the inner product (projection) between the error and the coordinate function must equal zero, we obtain in a matrix form
where
Numerical results
In order to find the critical velocities of Eq.(16), the numbers of terms N used in the approximated solution Eq.(12) should be large enough to attain accurate results. In this section solutions are found up to high order approximations, but detailed analyses for two, four and ten-term approximate solution is presented below.
Two-term approximate solution
Although it is mentioned in the previous paragraph that the number of coordinate functions in Eq.(10) should be large enough to achieve accurate results, it is instructive to show the solution process with less coordinate functions, for example two or four terms to obtain some approximate analytical results. For N = 2 the Eq.(10) reads as follows
Based on the Boobnov-Galerkin procedure and using the first two natural frequencies for a cantilever beam, the matrices in Eq.(17) read as follows:
A ≡ λ From Eq. (24) we conclude that the non-dimensional critical velocity of the fluid at which the cantilever beam loses dynamic stability by flutter is u 9 = 4.22471 when β=0.1. This procedure is repeated for the entire β interval from 0 to 1 yielding the following 100 values for the critical velocities within the two-term approximate method. Figure 2 depicts the 1000 critical velocities for the entire range of parameter β, and the values are presented in the embedded table.
Four-term approximate solution
To obtain a better approximate solution more terms are need in Eq.(10). In this case N = 4 yields the following coordinate function (25) Based again on the Boobnov-Galerkin procedure and using the first four natural frequencies of a cantilever beam, the matrices in Eq.(17) becomes 
Substituting into Eq.(16), the non-trivial solution yields vanishing of determinant of the following matrix The 100 dimensionless critical velocities for four-term approximate solution are given in Table 5 , shown in the appendix, and the 1000 critical velocities are depicted in Figure 3 .
With exception to Fig.1 all of the dynamic stability diagrams were constructed based on calculated critical velocities from their corresponding polynomial equations; no interpolated values were used in the construction of such curves. Figure 3 shows the critical velocity stability curve is not continuous one. Two jumps are present, one in the vicinity of β = 0.3, and the other one in the vicinity of β = 0.7. These jumps are not identified in Fig.1 obtained by Gregory and Païdoussis (1966) ; remarkably in the same range of non-dimensional parameter β more than one value is depicted. A detailed analysis at each jump is considered below in order to clarify the stability contents of the pipe in these regions. From previous graphs and tables it is possible to identify that the critical flow velocity jumps from 7.3490 when β equals to 0.2947026566457, to 8.1273 for β 0.2947026566458.
The same procedure was conducted in the vicinity of β = 0.69 show- ing in this case the critical flow velocity experience a jump from 11.1460 when β = 0.6983611422 to 13.3100 for β = 0.6983611423. We can preliminarily conclude that increasing the number of terms in Eq.(10) from two to four show that the critical velocity is not continuous in the vicinity of β = 0.3 and β = 0.69. Furthermore, these are the same ranges where Fig.1 shows the paradox of multiple velocities for a single parameter β. We anticipate that a third non-monotonic region shown in Gregory and Païdoussis graph will appear as another jump with in the same range when the number of approximate terms is larger than four. In this context, a ten-term approximate solution is discussed next.
Ten-term approximate solution
In order to obtain a 10-term approximate solution, N = 10 should be specified in Eq. (10) 
By the same type of notation we have
, where 
The method of solution of Eq.(30) in order to determine the critical velocities, or the velocities at which the cantilever pipe loses stability, is based on an iterative procedure different than the Routh-Hurwitz method. Eq.(30) yields polynomial equation of degree 20, which is used to build the Routh-Hurwitz determinant. This method yields a polynomial equation with over 500 roots, and the minimum real positive root for each parameter β will give the critical velocity. Since the solution is based on a numerical approximation, the Routh-Hurwitz criterion may become tedious to implement and solve. Therefore instead of using this method, an alternative procedure, described in the following paragraphs, was used to find the critical fluid velocities from Eq.(30). This procedure was implemented also in solving Eq. (21) and Eq.(28) as well, yielding the same results as with the Routh-Hurwitz criterion, when the latter performs well. A value associated with β is chosen, varying from 0 to 1. Once these value is assigned, Eq.(30) becomes a function with only two variables u and ω. The critical velocity u crit will be found as follows. When solving the equation for ω, at the critical level the real part of at least one of the twenty roots changes sign from negative to positive. The procedure starts by assigning a value to u, for example u o and solving the determinant for ω. If all the roots have real negative part, then another, greater value of u o is selected until one of the roots changes sign in its real component. When this occurs, the latter value of u o it is to be called the critical velocity u crit for the values of κ o , and β o that are specified. Since it is our desire to obtain the u crit with several significant digits, this procedure is repeated so as many decimal places as desired are attained. The entire process then is repeated for other values of β o .
Based on the above procedure, 1000 values of the critical velocities were obtained for a cantilever beam. These velocities are listed below.
As expected, increasing the number of terms yields a more accurate stability curve. It is remarkable that not only the third jump appears in the vicinity of β = 0.85 but also the behavior of the stability of the pipe is reported for first time since Gregory and Païdoussis (1966) (see Fig.1 ) when β assumes values grater than 0. 95.
Once again a detailed analysis of all of these regions where the stability curve is not continuous is preformed subsequently. For example Table 2 : List of the critical flow velocity jumps for entire range of parameter 0 ≤ β ≤ 1
Conclusion
The stability of a cantilever pipe, without elastic foundation, conveying fluid has been studied. Cantilever beam functions were used to solve the differential equations of motion. The objective was to investigate the non-monotonic behavior of the critical velocity versus the mass ratio as reported by Gregory and Païdoussis and many other authors. In the case of pipes without elastic foundation, the stability curve indicates that critical flow velocity is monotonic for each non-dimensional parameter β. In other words, a unique critical velocity is obtained for each parameter β, showing that non-monotonic result obtained by other authors must be attributed to merely a numerical artifact. Also it suggested conducting a nonlinear analysis considering probability of a chaotic behavior of the system, with especially focusing in the regions of discontinuity.
Recently, Nikolić and Rajković [26] investigated the dynamics of fluid-conveying pipes that were simply supported at both ends via the Lyapunov-Schmidt reduction and obtained very important analytical results. It appears of much interest to conduct analogous investigation for the problem dealt with in the present study. As mentioned in section 4, the natural frequencies for a cantilever beam are found by solving the following differential equation
where an exact solution in the form
was sought. The exact solution Y (x) can also be written in the following form
where K j (λx) are the Kriloff functions (see Elishakoff, Lin, Zhu, 1992).
For a clamped-free boundary the boundary condition are:
At the clamped end x = 0, and at the free end
A non-trivial solution is to be found solving previous system for C j such that C 
where λ n is the n-th eigenvalue of the cantilever beam. They can be found by solving Eq.(A.8). The first twenty natural frequencies are presented in the following table and graph. These frequencies were calculated with 150 significant decimal digits are shown below From the second equation of the equation system (A.6), C 4 is obtained
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